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Motivations

Which quantum phases can be described within
the stabilizer formalism?

New quantum error- Computation and simulation- Assess quantum complexity
correcting codes friendly models of the phase

e
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Engrove robﬁstréess to errors | Identify obstructions to capturing
educe overheads universal properties with stabilizer
Address limitations of hardware states




Outline

* Gapped quantum phases of matter
* Anyon theories
* No-go theorems for the stabilizer formalism

e Go-around theorems:

e composite-dimensional qudits, continuous variables, holographic approach, mixed states

* Open questions



Gapped quantum phases of matter

Which states?

e Ground states of Hamiltonians:

1. Geometrically local terms Ground states

2. Gapped (in thermodynamic limit)




Gapped quantum phases of matter

Which states?

e Ground states of Hamiltonians:

1. Geometrically local terms Short-range correlated ground states

2. Gapped (in thermodynamic limit)

« Short-range correlations™ (rules out GHZ)

* (¥|0:04|¢) — (W|Os[9h){¥]|O;]1) — 0, for all local O;, O




Gapped quantum phases of matter

Equivalence relation:

Trivial

Y1) ~ |12) if there exists a constant-depth*

Nontrivial Nontrivial

circuit such that Uly1) = |19)
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Nontrivial

*More generally, polylog-depth

X. Chen, Z.-C. Gu, X.-G. Wen 2010



Main question

Trivial

0%7)
*

P

Which phases admit a stabilizer state?” Which phases have universal
properties that can be captured by the stabilizer formalism?




Gapped quantum phases of matter in 2D

Classification:*

* Anyon theories!

(modular tensor categories) Trivial
0%7)
Anyons: °

Local Local excitations
excitations created by local operators

*Up to stacking with Eg states




Surface code anyons

( )
)|( 1
o = qubit, H = — E —X—)|(—X— — %—Z—%
v | p
g J
Violates vertex term Violates plaquette term Violates both vertex and plaquette terms
I .
| le m |
J .
e e 1
|
(Gauge charge) (Gauge flux) (Dyon)

AY. Kitaev 1997



Surface code anyons properties

Fusion

e Xe=1

Deterministic fusion =2 “Abelian anyons”

—Non=deterministie-fuston—=>"non-Abelian-anyoens’> No stabilizer models




Which phases admit a stabilizer state?

Trivial phase: )
Any computational basis state )
P N Non-Abelian
Phases with non-Abelian anyons: X
L Cannot reproduce non-deterministic fusion )

Trivial

0%7)
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Surface code anyons properties

Exchange




Surface code anyon theory

Anyon types: {1,e,m,em}

E= N A, M= @, em = \/:

Fusion rules: ¢ X e = 1, mezl, e XMm=em ..

C L Fermion!
Exchange statistics: ermion

em

em em em
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(Braiding relations are determined by the exchange statistics)



Abelian anyon theories

Anyon types: {1,al,a2,...,an}
Fusion rules: A5 X A5 = Af, Qi X 1 =aq;y
Fxchange statistics: Satisfies certain consistency conditions

a; a; ;g a;

(Braiding relations are determined by the exchange statistics)

L. Wang, Z. Wang 2020
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Many Abelian anyon
theories beyond anyon
theories of toric codes!
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Classification of 2D topological Pauli stabilizer codes

(" h )
Do Pauli stabilizer ¢ Vo] aeories that are more
exotic th ' code?
- b Y,
No-go theorem: every translation invariant Pauli s
stabilizer code in 2D is constant-depth equivalent to q Py
o _P l_l{'fa(je /// //’ ///"— -,
layers of surface codes <05 Surfa;;‘szgq——-/
* Shown rigorously for prime-dimensional qudits ";:«---g?ﬁfaff_eﬁﬁ@{__',/’
<l UI‘faCe COde oo /////

What about composite-dimensional qudits, continuous
variables, boundaries of 3D systems, mixed states?!

H. Bombin, G. Duclos-Cianci, D. Poulin 2011; H. Bombin 2011; J. Haah 2018



Composite-dimensional qudits

PRX Quantum 3, 010353




Double semion anyon theory

Anvyon types: {17 b, s, §}

Distinct from the
toric code or a stack

b= v ’ 5= N2 ’ s = g. of toric codes!
Fusion rules:
bxb=1, sxs=1, sxs=1, bxs=35, ...
Exchange statistics: Semion! Anti-semion!

b b

P = i\/3 Pl =i \V /‘( 78(:—1‘&//8



Double semion code on 4D qudits

4 )
o = qubit,
_ 3 il 2
Xt=z7'=1 H==) -~ - Z =20 Z _ed thee
v I €—
ZX =iXZ / f
/ /
- / Vertex term Plaquette term
Violates vertex term Violates vertex term and Violates vertex term and
plaquette terms plaquette terms

»|
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TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson PRX Quantum 3, 010353



Anyon theories on composite-dimensional qudits

/":/-’:7 Allow for composite- I
L Swface coqe 7 o
2L, Sutface goqy T e Double semio,,
,:Z;,--S?{{ap_e_;(;&e_'"”’/,/’// dimensional qudits 77T~ ’

oo Durface cogq New Pauli stabilizer codes

-——

Exhausts all Abelian anyon theories that admit a gapped boundary!

Lagrangian subgroup: Subgroup of bosons £, such that, for every a ¢ L, there exists b € £ with 6(ab) # 0(a)0(b)

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2021



Which phases admit a stabilizer state?

Trivial phase:

Any computational basis state

p
Phases with non-Abelian anyons:

Cannot reproduce non-deterministic fusion
N

Abelian theories with gapped boundaries:
Use composite-dimensional qudits!

Non-Abelian

Gapped
boundaries

*

Trivial

0%7)
*




Anyon theories without gapped boundaries

Non-chiral: ¢ = 0 mod 8 ]

{ Anyon theories without gapped boundaries

Chiral: ¢. # 0 mod & J

Chiral central charge: the chiral central charge c_ is defined mod 8 by

627m'c_/8 _ \/% Z (9(&)

acA
c_# 0 mod 8 indicates that there are gapless chiral edge modes.

NS J

J. Cano, M. Cheng, M. Mulligan, C. Nayak, E. Plamadeala, J. Yard 2014



Continuous variables

arXiv:2411.04993




Anyon theories on continuous variables

s e e T o I N
. L _ L _ i _ L _ Displacement operators: “Pauli operators”
- — = — - (Heisenberg group)
] B 1 ] B i
= CV
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{ Captures non-chiral Abelian anyon theories without a gapped boundary! J

J. C. Magdalena de la Fuente, TDE, M. Cheng, D. J. Williamson 2024



Which phases admit a stabilizer state?

N
Trivial phase:
Any computational basis state )
P Non-Abelian
Phases with non-Abelian anyons: X
Cannot reproduce non-deterministic fusion
\ y Gapped

Trivial

0%7)
*

boundaries

*

Abelian theories with gapped boundaries:

Use composite-dimensional qudits!

Abelian, ungappable boundaries, non-chiral:

Use continuous variables!

Abelian, ungappable
boundaries, non-chiral




Holographic approach

PRX Quantum 3, 030326




Chiral semion anyon theory

Anvon types: {1,s}

S= N

_ /Does not admit gapped boundaries, and is chiral\
Fusion rules: 7 group generated by s

2mic_ /8 _ L

€

1
sxX s=1 \/§+ﬁ

Exchange statistics: Semion! \ = ¢ =1mod8 /

S S S S

[l =i\




Anyon theories on the boundary of 3D system

Chiral theories on the boundary of a 3D system?
 Edge modes do not appear!

__________________
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Trivial in the bulk

[ Captures all Abelian anyon theories! ]

K. Walker, Z. Wang 2011



Chiral semion boundary code

Violates vertex terms and

Hilbert space:
) plaquette terms Boundary
Z4 —_— 1 , - )4
) T 7 777
X4:1’ (@] (@) —Z / /SO OQ/
i =X S/ S Y/
ZX =i XZ ° =X
Bulk
Hamiltonian: | |
X7 T
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| Xt
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Shirley, Y.-A. Chen, A. Dua, TDE, N. Tantivasadakarn, D.J. Williamson 2021
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Which phases admit a stabilizer state?

Trivial phase:

Any computational basis state

p
Phases with non-Abelian anyons:

Cannot reproduce non-deterministic fusion

-

Abelian theories with gapped boundaries:

Use composite-dimensional qudits!

Non-Abelian

Gapped
boundaries

Trivial

p
Abelian, ungappable boundaries, non-chiral:

Use continuous variables!

p
Abelian, ungappable boundaries, chiral:

Boundaries of 3D!

*

0%7)
*

Abelian, chiral
) ¢

Abelian, ungappable
boundaries, non-chiral




Mixed states

Quantum 7, 1137
arXiv:2405.02390




Anyon theories of mixed states

(34+1)D lattice model

\ Quasi-(2+1)D lattice model J

Captures all Abelian anyon theories!

R. Sohal, A. Prem 2024; TDE, M. Cheng 2024

o

Trace out bottom surface

*Or add fully depolarizing noise




Which phases admit a stabilizer state?

Trivial phase:

Any computational basis state

p
Phases with non-Abelian anyons:

Cannot reproduce non-deterministic fusion

-

Abelian theories with gapped boundaries:

Use composite-dimensional qudits!

Non-Abelian

Gapped
boundaries

Trivial

p
Abelian, ungappable boundaries, non-chiral:

Use continuous variables!

p
Abelian, ungappable boundaries, chiral:

Boundaries of 3D or mixed states!

*

0%7)
*

Abelian, chiral
) ¢

Abelian, ungappable
boundaries, non-chiral




Open questions

/Quantifying non—stabilizerness\ / Stabilizer models without \ / Abelian anyon theories on\

in non-Abelian theories gapped boundaries on qudits? qubits as a source of magic?
q i
\SYX X\rS/
( S= # X P j(\
[% /S)\X\'(Xv S\
7
Relation to difficulty of Current folklore: not possible for Quantify the minimum non-

preparation or universality? / Qommutmg projector Hamlltomans/ \ stabilizerness? /

/Symmetry—enforced magic ih / Stabilizer representations of\

1D systems with SSB? 3D quantum phases of matter?
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Fusion-category symmetries , ’
\ enforce magic? \ /
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